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A B S T R A C T   

This paper presents a novel semi-empirical thermodynamic model for the simulation of two-phase expansion in 
twin-screw expanders. The model utilizes a limited number of unknown parameters, the values of which are 
calculated through a calibration-optimization process that exploits numerical experiments available in the 
literature. Two-phase expansion simulations are performed for a wide variety of operating conditions, revealing 
that the vapor quality at the suction port of the expander is the main factor affecting its efficiency. Increased 
vapor qualities at the onset of expansion lead to an increase in the expander’s efficiency because a better 
matching between the WF’s volume ratio and the expander’s built-in volume ratio can be achieved. The ther
modynamic model is applied to assess the performance of a TFC engine operating under varying heat duties and 
temperatures of the heat source, indicating that a detailed analysis is necessary to conclude whether the TFC or 
the ORC is the optimal solution for a given application.   

1. Introduction 

Environmental degradation in combination with the ever-increasing 
energy demand set unprecedented challenges for policymakers and en
gineers. The European Council recently adopted the “2030 Climate and 
Energy Framework” [1] to accelerate the pace toward a sustainable and 
climate-neutral economy. The policies in this framework set as key 
targets the drastic reduction of greenhouse gas emissions, the significant 
increase in the share of renewable energy sources in the energy mixture 
(at least 32 %), and the amelioration of the primary energy conversion 
efficiency (by at least 32.5 %) by 2030. 

Primary energy conversion efficiency can be substantially increased 
by exploiting the waste heat from industrial processes. It is estimated 
that, globally, about 72 % of primary energy is lost in the form of waste 
heat during the conversion process [2]. Annually, waste heat is esti
mated to be in the order of 68 PWh on a global scale, roughly catego
rized into low-temperature heat (<100 ◦C), medium-temperature heat 
(100–300 ◦C), and high-temperature heat (HTH), with respective shares 
equal to 63 %, 16 %, and 21 % [2] (similar shares are estimated in the 
European Union [3]). Efficient and robust technological solutions for the 

exploitation of medium and low-temperature waste heat can also be 
directly applied for solar energy (collected in temperatures < 150 ◦C) 
exploitation, increasing, thus, the share of renewable energy sources in 
the overall energy mix. 

Waste heat can be recovered by utilizing a bottoming thermody
namic power cycle, with the most common solutions being the Brayton 
Cycle, the Stirling Cycle, the Organic Rankine Cycle (ORC), the Kalina 
Cycle, and the Carbon Dioxide Trans-Critical Cycle. The ORC is identi
fied as the most robust alternative for the conversion of low-grade heat 
because of its adaptability, scalability, and low maintenance cost [4]. 
The efficiency amelioration of the ORC is an issue that has attracted 
intense research interest (e.g. [5–8]), with the increased exergy 
destruction of the heat source during the heat transfer to the Working 
Fluid (WF), resulting in reduced power generation, identified as a main 
disadvantage of the power cycle. The exergy of the heat source is mainly 
destroyed during the evaporation of the WF, because its temperature 
remains constant while heat is supplied to it from a source that is cooled 
down, leading to a sub-optimal temperature match between the WF and 
the heat source [7]. Theoretical thermodynamic analysis concludes that 
the optimal variation of the traditional ORC, in terms of exergy 
destruction minimization, is a power cycle resembling a triangular shape 
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[6,7,9], in a configuration where the evaporation of the WF is avoided. 
A power cycle approaching the ideal triangular shape is the Trilateral 

Flash Cycle (TFC). A TFC engine has the same components as the ORC, 
but the WF enters the expansion machine as a saturated liquid (in the 
original concept) or partially evaporated two-phase mixture (in a 
generalization of the trilateral cycle concept), where it undergoes two- 
phase expansion, also referred to as flashing. The TFC was originally 
conceived by Smith et al. [10] for heat recovery in geothermal appli
cations. In this reference work, the authors performed a comparison 
between the standard ORC, the supercritical ORC, and the TFC, with the 
heat source temperature between 100 and 200 ◦C, concluding that the 
TFC outperforms all other architectures, in terms of net power maxi
mization, for all screened WFs. Despite its acknowledged potential, 
though, the TFC has not been widely applied for low-grade heat recov
ery, with the development of efficient and robust two-phase expansion 
machines being the main technological bottleneck. This is because the 
evolution of flashing in expansion machines is not comprehended suf
ficiently. The main challenge that must be overcome is the prediction of 
the vaporization rate of the WF in the expander since the two phases are 
in thermodynamic non-equilibrium throughout the process, i.e. their 
pressure and temperature are different. 

Only a few experimental studies concerning two-phase expansion 
have been published so far. Mckay and Sprankle [11] were the first to 
perform flashing experiments for geothermal energy recovery, with H2O 
as the WF in a 1 MW turbine. The authors conducted experiments with 
vapor qualities in the range of 0–99 %, reporting turbine adiabatic ef
ficiencies up to 62 %. Steidel et al. [12] conducted experimental labo
ratory tests with geothermal fluids undergoing two-phase expansion in 
twin-screw expanders. They were able to achieve maximum adiabatic 

efficiency in the order of 53 % for initial vapor qualities of the WF in the 
range of 8 % to 27 %. Smith et al. [13] performed extensive experi
mental studies of two-phase expansion in different twin-screw ex
panders with H2O and R113 as WFs. They were able to achieve 
maximum expander adiabatic efficiencies in the order of 80 %. Kliem 
[14] used twin-screw expanders with specially designed filling systems 
to perform two-phase expansion experiments with H2O as the WF. He 
achieved adiabatic efficiencies up to 50 %. Öhman and Lundqvist [15] 
tested a semi-hermetic Lysholm turbine with R134a as a WF for variable 
inlet vapor qualities, achieving maximum adiabatic efficiency in the 
order of 92 %. Lastly, Kanno and Shikazono [16] studied experimentally 
two-phase expansion in a reciprocating cylinder that simulated the 
operation of a piston expander. They used H2O and ethanol as WFs, and 
they calculated maximum adiabatic efficiencies equal to 86 % and 82 %, 
respectively. 

Concerning numerical modeling, many simulations of the TFC have 
been performed but, in most cases, the two-phase expander is treated as 
a black box, and its adiabatic efficiency is varied within the range of 
values achieved by expanders in the dry vapor region to investigate its 
effect on the efficiency of the power cycle (e.g.[5,8,17,18]). Only a few 
efforts have been undertaken to numerically model the flashing phe
nomenon in an expansion machine. To the best of the authors’ knowl
edge, there are, up until now, no full 3-D Computational Fluid Dynamics 
studying flashing in industrial expanders. On the other hand, a few 
lower-order models simulating flashing are documented in the litera
ture. All the published low-order models simulate two-phase expansion 
in twin-screw expanders. Taniguchi et al. [19], and Smith et al. [13] 
developed analytical 1-D models for the simulation of two-phase 
expansion that solve the conservation equations for the vapor–liquid 

Nomenclature 

p Pressure [bar] 
T Temperature [oC] 
h Specific enthalpy [kJ/kg] 
s Specific entropy [kJ/kg-K] 
v Specific volume [m3/kg] 
x Vapor quality [-] 
cp Specific heat [kJ/kg-K] 
ṁ Mass flow rate [kg/s] 
Ẋ Exergy flow [kW] 
ẇ Power [kW] 
Q̇ Heat transfer rate [kW] 
rv Expander built-in volume ratio [-] 
N Expansion sub-chambers [-] 
NP Model calibration points [-] 
Nrot Rotational speed [rpm] 
A Area [m2] 
UA Thermal conductance [W/K] 
Vswept Swept volume [m3] 
V Expansion chamber volume [m3] 

Subscripts 
in Inlet 
su Suction 
sh Shaft 
is Isentropic 
ex Expander 
exp Expansion 
ev Evaporator 
con Condenser 
out Outlet 
sub Sub-cooling 

pr Pre-heating 
pu Pump 
sat Saturated 
th Thermal 
0 Dead state 
II Second law 
l Liquid 
v Vapor 
leak Leakages 
si Simulation 
cb Calibration point 
thr Nozzle throat 
crit Critical 
w Wall 
no Nominal 
dis Discharge 
pc Post vaporization 
amb Ambient 
f Flashing 

Greek letters 
ψ Specific exergy[kJ/kg] 
η Efficiency [-] 
γ Specific heat ratio [-] 
τ Mechanical torque [N-m] 

Abbreviations 
PP Pinch point temperature difference [oC] 
HTF Heat Transfer Fluid 
CF Cooling Fluid 
WF Working Fluid 
TFC Trilateral Flash Cycle 
ORC Organic Rankine Cycle  
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mixture, which is treated as a single-fluid. The thermodynamic prop
erties of the mixture are correlated by applying an equation of state, and 
the two distinct phases are assumed to be in thermodynamic equilib
rium. A 1-D thermodynamic model was developed by Vasuthevan and 
Brümmer [20] for the numerical modeling of flashing in a representative 
twin-screw expander geometry, with H2O as the WF. In this work, two 
series of simulations were performed for comparison reasons. In the first, 
the WF was assumed to be in thermodynamic equilibrium throughout 
flashing, whereas in the second non-equilibrium effects were considered 
by applying the flashing efficiency formula introduced by Miyatake et al. 
[21]. Finally, Bianchi et al. [22] modeled flashing by utilizing the 
commercial software suite GT-SUITE. This model is also 1-D, and the 
two-phase mixture is treated as a single fluid. 

The current work presents a semi-empirical low-order thermody
namic model for the simulation of two-phase expansion in an oil-free 
twin-screw expander. The model aims to serve as a robust tool for the 
industrial and research communities in the design of efficient two-phase 
expanders and performance evaluation of TFC engines. The approach is 
based on the well-established methodology presented by Lemort et al. 
[23], adapted and substantially appended for the simulation of the 
complex flashing phenomenon. To the best of the authors’ knowledge, 
the current work presents the first semi-empirical thermodynamic 
model for the simulation of two-phase expansion. The model can 
simulate two-phase expansion for varying vapor quality at the suction 
port of the expander by utilizing only a set of parameters that are 
calculated by solving a properly formulated optimization problem. A 
prominent feature of the model is that vapor and liquid are treated as 
different fluids, and the conservation equations are formulated sepa
rately for each phase. During flashing the two phases are considered to 
be in thermal non-equilibrium, and the WF vaporization rate is deter
mined by estimating the heat transfer rate at their interface. Further
more, a segmental approach is applied in the expansion chamber, 
allowing for the detailed monitoring of the vaporization rate as flashing 
evolves. Only minor inputs concerning the geometrical characteristics of 
the expander are necessary, a feature particularly useful when detailed 
constructional data are not available by manufacturers. 

In the remainder of this work, initially, the modeling methodology 
applied for the simulation of two-phase expansion is presented. There
after, the methodology for integrating the two-phase expansion model 

into a TFC simulation tool is described. In the second part of the paper, 
the calibration–validation procedure of the two-phase expansion model 
is initially presented. The values of the identified parameters are 
calculated by solving properly formulated optimization problems and, 
subsequently, the obtained numerical results are compared to the sim
ulations presented by Bianchi et al. [22] for an industrial twin-screw 
expander. Next, the performance of the two-phase expander for a wide 
variety of operating conditions is mapped to identify the main factors 
affecting its efficiency. Finally, the performance of a TFC engine inte
grating the modeled two-phase expander is investigated, under varying 
heat duties at the evaporator, temperatures of the heat source, and vapor 
qualities at the suction port of the expander. This investigation dem
onstrates how the performance of the two-phase expander, for different 
vapor qualities of the WF at the suction port, affects the overall heat 
recovery efficiency. The results are exploited to determine the optimal 
operating point of the engine, and, also, to assess whether, based on the 
anticipated operating conditions, the TFC or the standard ORC may be a 
better alternative. 

2. Two-phase expansion modeling 

2.1. Modeling concept outline 

The developed two-phase expansion model is a single-chamber one. 
Hence, the interactions between actual adjacent working chambers, 
created by the expander’s meshing lobes, are not taken into account and 
the properties of the WF are an average value at the examined opera
tional phase of the expander, which is determined by the rotational 
angle of the male lobe. The conservation equations are solved separately 
for the liquid and vapor phases between successive male rotor angles. 
The coupling of the conservation equations of the two phases is 
accomplished by the heat transfer rate at the vapor–liquid interface, 
which determines the WF vaporization rate. This rate is constantly 
monitored from the suction port (pre-expansion of the WF) to the 
discharge port. Several approaches, with different levels of complexity, 
have been proposed in the literature for the numerical modeling of the 
vaporization rate of a pure substance, such as the Homogenous Equi
librium Model [24], the Homogenous Relaxation Model [25], the Bubble 
Growth Model [26], and the Interfacial Exchange Model [26]. In the 

Fig. 1. Two-phase expansion model concept.  
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present work, the Interfacial Exchange Model has been applied because 
of its generality, ease of implementation in different applications, and 
the fact that it can straightforwardly take into consideration non- 
equilibrium effects. Another prominent feature of this work is that 
leakage flows are accounted separately for the two phases at the suction 
port and the expansion chamber. The fundamental modeling assump
tions applied for the model development are the following.  

• The operation of the expander has reached steady-state  
• The two phases are in mechanical equilibrium but thermal non- 

equilibrium  
• Vapor at the vapor–liquid interface is saturated during two-phase 

expansion [26]  
• Work is generated only by the expansion of the locally available 

vapor  
• Heat losses of the WF are considered only during suction and 

discharge [23]  
• Heat losses from saturated vapor are not taken into account 

The complete description of the developed two-phase expansion 
model is presented in Appendix A in detail. The model presentation 
consists of the methodology and governing equations, along with the 
identified set of unknown parameters. The developed model encom
passes all the thermodynamic processes that take place in the general 
case of two-phase expansion in a twin-screw expander. According to the 
physical problem studied, simplifications may arise leading to a reduced 
set of unknown parameters. A conceptual scheme of the two-phase 
expansion model is presented in Fig. 1. The illustrated concept depicts 
the thermodynamic processes that take place in the general case of 
flashing in a twin-screw expander (details on the determination of the 
vaporization rate and leakage flows are given in detail in Appendix A). 
These processes, grouped according to the operational phase of the 
expander, are:  

1) Suction  
a) Adiabatic supply pressure drop from pressure pin to psu (1 → 2), 

followed by leakage flows from both phases toward the discharge 
port  

b) Isobaric cooling down of the WF at pressure psu (2 → 3)  
2) Expansion  

a) Adiabatic expansion to the pressure pad imposed by the built-in 
volume ratio  

b) rv of the expander (3 → 4). A segmental approach is followed, and, 
based on  

c) rv, the expansion chamber volume is divided into N segments to 
accurately monitor the evolution of the flashing phenomenon. 
Leakage flow rates from both phases toward the discharge port 
are calculated at each segment.  

d) Adiabatic and isochoric expansion to the discharge pressure pdis 
(4 → 5)  

3) Discharge  

a) Adiabatic mixing between leakage flow rates (both vapor and 
liquid) from suction and expansion and two-phase mixture 
flowing out of the expansion chamber (5 → 6)  

b) Isobaric heat transfer from the two-phase mixture towards the 
expander wall at pressure pdis (6 → 7) 

The numerical algorithm is formulated in the Engineering Equations 
Solver software suite (v10.834). The system of governing equations of 
the two-phase expansion model (details in Appendix A) is solved itera
tively until convergence (relative residuals drop below 10-6 for all 
equations). 

2.2. Boundary conditions and outputs 

The boundary conditions and outputs for the two-phase expansion 
simulations, along with their description and units are listed in Table 1. 
Alternatively, ṁWF can be imposed as a boundary condition, in which 
case pin would be an output. 

In all performed numerical experiments presented herein, R245fa is 
the WF, to comply with the simulations presented by Bianchi et al. [22], 
based on which the model has been calibrated (details in Section 4.1). 

2.3. Two-phase expander efficiency 

The performance of the two-phase expander is quantified by its 
isentropic and volumetric efficiency. The isentropic efficiency ηex,is is 
given by Eq. (1) 

ηex,is =
ẇsh

ẇex,is
(1) 

where ẇex,is stands for the power generated under an isentropic 
expansion of the WF from the suction port to the discharge pressure. The 
volumetric efficiency ηvol is given by Eq. (2) 

ηvol =
ṁWFvin

NrotVswept
(2) 

where vin is the specific volume of the WF at the onset of the suction 
process, and Vswept the total swept volume. 

3. TFC modeling 

3.1. Thermodynamic model 

In the present work, the term TFC is assumed to incorporate the 
power cycle configurations with the quality xin of the WF at the suction 
port of the expander varying between 0 and 1. A thermodynamic model 
integrating the developed two-phase expansion model is developed for 
the simulation of the TFC. The integration of the two-phase expansion 
model will highlight the effect of the expander’s efficiency on the per
formance of the TFC for different operating conditions. An indicative T-s 
diagram of the TFC power cycle with R245fa as the WF is presented in 
Fig. 2, with the processes undergone by the Heat Transfer Fluid (HTF) 
and the Cooling Fluid (CF) also drawn qualitatively. 

The TFC is comprised of the following thermodynamic processes of 
the WF:  

• 1 → 2: Adiabatic pumping  
• 2 → 3: Heat absorption in the evaporator at constant pressure pev  
• 3 → 4: Expansion in the twin-screw expander  
• 4 → 1: Heat rejection in the condenser at constant pressure pcon 

As the TFC engine operates, the temperature of the HTF at the 
evaporator drops from THTF,in to THTF,out , whereas the temperature of the 
CF rises from TCF,in to TCF,out . To avoid possible adverse effects from the 
occurrence of cavitation, the WF is assumed to be subcooled by ΔTsub at 

Table 1 
Boundary conditions and outputs for two-phase expansion simulations.  

Boundary Conditions 

Symbol Description [Units] 

xin Quality of the WF at the suction port of the expander [-] 
pin Pressure at the suction port [bar] 
pdis Pressure at the discharge line [bar] 
Nrot Rotational speed of the expander [rpm] 

Outputs 

Symbol Description [Units] 

ṁWF Mass flow rate of the WF [kg/s] 
ẇsh[kW] Expander shaft power [kW]  
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the suction of the pump. 
The total heat transfer rate Q̇ev at the HTF side of the evaporator is 

given by Eq. (3) 

Q̇ev = ṁHTFcp,HTF
(
THTF,in − THTF,out

)
(3) 

where ṁHTF is the mass flow rate of the HTF, and cp,HTF is its specific 
heat under constant pressure. If heat losses at the evaporator are 
neglected, Q̇ev is also equal to the heat transferred to the WF, as in Eq. (4) 

Q̇ev = ṁWF(h3 − h2) (4) 

where h2 and h3 denote its specific enthalpy at states 2, and 3, 
respectively. The pinch point temperature difference PPev between the 
fluid streams at the evaporator is given by Eq. (5) 

PPev = THTF,pr − TWF,sat(pev) (5) 

where THTF,pr is the temperature of the HTF at the evaporator at the 
end of the WF preheating stage, and TWF,sat(pev) is the saturation tem
perature of the WF at pressure pev. In the present work, a constant value 
of PPev, for comparison purposes between different configurations, is 
assumed for all vapor qualities xin at the suction port of the two-phase 
expander. The optimal theoretical matching between the HTF and the 
WF at the evaporator occurs when the power cycle assumes the shape of 
the trilateral cycle, in which case the vaporization of the WF is omitted, 
and THTF,pr becomes equal to THTF,in. It must be noted here that the 
location of PPev could, in the general case, be located in a different stage 
of the heat transfer process at the evaporator, especially when the HTF 
flow rate is greatly reduced, leading to a much higher difference be
tween THTF,in and THTF,out. However, for this work, it was assumed that it 
is always at the end of the WF preheating stage because this pinch point 
location is typical in ORC modeling, and it has been a starting point of 
the thermodynamic analysis to identify alternative power cycle archi
tectures that increase thermal efficiency (an analysis that led to the 
conceptualization of the TFC). 

Assuming a counter-flow arrangement between streams at the 
evaporator, the heat transfer rate Q̇pr to the WF during the preheating 
stage is given by Eq. (6) 

Q̇pr = ṁHTFcp,HTF
(
THTF,pr − THTF,out

)
= ṁWF

(
hl,sat(pev) − h2

)
(6) 

where hl,sat(pev) is the specific enthalpy of the WF at the saturated 
liquid state at pev. For a given value of pev, and a fixed value of PPev, THTF,pr 

is calculated by Eq. (5), leading to the determination of ṁWF from Eq. (6). 
The integration of the two-phase expansion model with the ther

modynamic model of the TFC is accomplished as described next. As a 
starting point, the desired quality xin is selected. For this value of xin, and 
given values of Q̇ev, pcon, PPev, and THTF,in, pev and Nrot are varied itera
tively until the output mass flowrate ṁwf of the two-phase expansion 
model becomes equal to the value calculated by Eq. (6), and, at the same 
time, Eq. (4) is satisfied. 

The shaft power ẇsh generated by the expander is calculated by the 
two-phase expansion model, leading, implicitly, to the determination of 
ηex,is from Eq. (1), where ẇex,is is given by Eq. (7) 

ẇex,is = ṁWF
(
h3 − his

4

)
(7) 

In Eq. (7) his
4 the specific enthalpy of the WF corresponding to its 

isentropic expansion from pev to pcon. 
The total power input ẇpu to the pump is calculated by applying Eq. 

(8) 

ẇpu = ṁWF(h2 − h1) = ṁWF

(
his

2 − h1
)

ηpu,is
(8) 

In Eq. (8) his
2 is the specific enthalpy of the WF corresponding to its 

isentropic pumping from pcon to pev, ηpu,is is the pump’s isentropic effi
ciency, whereas h1 and h2 are the specific enthalpies of the WF at states 1 
and 2, respectively. The heat transfer rate Q̇con from the WF to the CF at 
the condenser is given by Eq. (9) 

Q̇con = ṁWF(h4 − h1) (9) 

Assuming negligible heat losses at the condenser, Q̇con is also given by 
Eq. (10) 

Q̇con = ṁCFcp,CFΔTCF (10) 

where ṁCF and cp,CF are the mass flow rate and the specific heat under 
constant pressure of the CF, respectively, whereas ΔTCF is the temper
ature rise of the CF at the cooling loop of the condenser. In the present 
work, a constant pinch point temperature difference PPcon at the 
condenser is also assumed, given by Eq. (11) 

PPcon = TWF,sat(pcon) − TCF,out (11) 

with TWF,sat(pcon) representing the saturation temperature of the WF 
at pressure pcon. 

3.2. Performance potential 

The performance potential of the TFC is evaluated according to its 

Fig. 2. T-s diagram of TFC with R245fa as WF.  
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first and second law efficiency. The thermal efficiency ηth of the engine is 
given by Eq. (12) 

ηth =
ẇnet

Q̇ev
=

ẇsh − ẇpu

Q̇ev
(12) 

with ẇnet the net generated power during the operation of the engine. 
For a second law analysis, a dead state (p0,T0) must be specified. In 

the present study, the temperature TCF,in and pressure pCF,in of the CF at 
the inlet of the condenser’s cooling loop are assumed to define the dead 
state. Considering steady-state conditions and neglecting potential and 
kinetic energy contributions, the specific exergy ψ of an open system is 
given by Eq. (13) 

ψ = h − h0 − T0(s − s0) (13) 

where h and s denote its specific enthalpy and entropy, respectively. 
The exergy flow of the open system is then calculated by Eq. (14) 

Ẋ = ṁψ (14) 

where ṁ is its mass flow rate. 
For the simulated TFC system, the only exergy input is the exergy 

ẊHTF,in of the HTF at the evaporator. Thus, the second law efficiency ηII of 
the engine is given by Eq. (15) 

ηII =
ẇnet

ẊHTF,in
(15)  

4. Results and discussion 

4.1. Two-phase expansion model validation 

4.1.1. Model validation 
The modeling approach applied herein for the simulation of two- 

phase expansion is validated by a calibration-comparison procedure, 
common for all semi-empirical low-order models. Calibration consists of 
two successive steps. Initially, the subset of the generalized model pa
rameters (presented in Appendix A in detail) that comply with the 
operation of the expander in the dataset that has been selected for the 
calibration procedure is identified. Thereafter, these identified param
eters are calculated by solving a properly formulated optimization 
problem, aiming to fit numerical results from the two-phase expansion 
model to the original dataset of operating points, which may be nu
merical or experimental. Following calibration, the numerical results 

from the two-phase expansion model are compared to the original 
available expander operational data to assess the overall agreement. 

In the present work, the two-phase expansion model is calibrated by 
utilizing the numerical results presented in the work of Bianchi et al. 
[22] for an industrial twin-screw expander with R245fa as the WF. The 
calibration procedure presented herein may be performed anew for 
different expanders and operating conditions. It must be noted that it is 
of particular importance to calibrate the model with experimental data, 
a process that will be performed when comprehensive results from ex
periments become available. In the two-phase expansion simulations 
presented by Bianchi et al. [22], the operation of the expander was 
considered adiabatic, no mechanical losses were taken into account, and 
rv is an input (obtaining a value of 5). The model parameters that are 
relevant to the operation of the specific twin-screw expander are listed 
in Table 2. 

The calibration-optimization process of the numerical model is 
described next. A sufficient number Np of two-phase expander operating 
points from the simulations of Bianchi et al. [22], across the widest 
possible range, is selected for calibration. For the selected operating 
points, the values for the boundary conditions and outputs (Table 1), 
necessary for running the two-phase expansion model, are recorded. 
Thereafter, initial guess values are assigned to the reduced set of model 
parameters (Table 2), and these values are iteratively modified, by an 
optimization algorithm, targeting to minimize the objective function ferr, 
calculated by Eq. (16). 

ferr =
1
2
∑Np

j=1

⎛

⎝
ẇsh,si,j − ẇsh,cb,j

ẇsh,cb,j

⎞

⎠

2

+
1
2
∑Np

j=1

⎛

⎜
⎝

ṁWF,si,j − ṁWF,cb,j

ṁṁWF ,cb,j

⎞

⎟
⎠

2

(16) 

The value of ferr in Eq. (16) is a measure of the total deviation be
tween the numerical results from the two-phase expansion model and 
the ones by Bianchi et al. [22], as it compares the difference in the values 
of ṁWF and ẇsh for all calibration points. Optimization is performed by 
applying a genetic algorithm, native in the Engineering Equations Solver 
sofrware suite, that calculates the global optimum solution. In Eq. (16) 
ẇsh,si,j, and ṁWF,si,j are the shaft power and inlet mass flowrate of the WF 
calculated by the model at calibration point j. Likewise, ẇsh,cb,j, and 
ṁWF,cb,j are the respective shaft power and mass flowrate values provided 
by Bianchi et al. [22] for operating point j. In the present work, the 
numerical formulation of the optimization problem allows for a varia
tion of Al,leak and Av,leak as a function of xin to take into account the 
variation of the actual available leakage paths area for the two phases as 
the vapor quality at suction changes. On the other hand, xin-independent 
values are obtained for Al,su and Av,su. 

In the simulations performed for optimization purposes, pdis was kept 
constant at 1.32 bar, whereas pin was in the range of 5 to 10 bar [22]. 
Moreover, xin and Nrot varied from 0 to 1, and 1500 to 6000 rpm, 
respectively. The total number of calibration points Np is equal to 50, 
whereas a total of 10 expansion sub-chambers N is proven adequate to 
yield discretization-independent values for the model parameters. 
Following the calculation of model parameters, a regression analysis is 
performed to correlate Al,leak and Av,leak with xin. This analysis indicated 
that third-order polynomials, given by Eqs. (17) and (18), provide the 
best fit between Al,leak and Av,leak and xin 

Av,leak = 1.462⋅10− 5 + 2.354⋅10− 5xin − 4.352⋅10− 5x2
in + 3.491⋅10− 5x3

in (17)  

Al,leak = 3.853⋅10− 5 − 2.521⋅10− 4xin + 4.913⋅10− 4x2
in − 2.908⋅10− 4x3

in (18) 

The remaining set of xin-independent model parameters, along with 
their derived values, are listed in Table 3. 

Concerning the comparison between the developed two-phase 
expansion model and the numerical model of Bianchi et al. [22], a 
very good overall fit is observed, indicating the validity of the modeling 
approach. In Fig. 3 the calculated values of ṁWF as a function of xin are 

Table 2 
Reduced set of model parameters.  

Parameter Symbol 
[Units] 

Nozzle throat cross-sectional area at suction Ain[m2] 
Nozzle throat cross-sectional area for liquid leakage flows at 

suction 
Al,su[m2] 

Nozzle throat cross-sectional area for vapor leakage flows at 
suction 

Av,su[m2] 

Total swept volume Vswept[m3] 
Nozzle throat cross-sectional area for liquid leakage flows during 

expansion 
Al,leak[m2] 

Nozzle throat cross-sectional area for vapor leakage flows during 
expansion 

Av,leak[m2]  

Table 3 
Optimized values of model parameters.  

Parameter Value 

Ain 5.022⋅10− 4 m2 

Al,su 4.454⋅10− 6 m2 

Av,su 5.326⋅10− 6 m2 

Vswept 2.934⋅10− 4 m3  
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presented, indicatively, for different values of Nrot and pin = 7.5 bar. A 
similar fit is observed for different values of pin. Across the simulated 
operating points, a maximum relative difference of approximately 11 % 
in the value of ṁWF was recorded. Differences can be linked to slight 
differences in the leakage path areas, since in the present work these are 
calculated by optimization, whereas in the original work of Bianchi et al. 
[22] they are available to the authors by the expander manufacturer. 

In Fig. 4 calculated shaft power values ẇsh versus xin for the same 
operating points presented in Fig. 3 are presented. The predicted values 
differ by at most 9 %, compared to the reference baseline. Differences 

are, most likely, ought to the different modeling approaches in the case 
of over or under-expansion. In the present work, as is the standard 
practice in empirical models, an isochoric transformation is assumed to 
occur when the pressure at the end of expansion mismatches the one at 
the discharge line. On the other hand, Bianchi et al. [22] assume that 
this mismatch takes some crank angle degrees to develop, and they 
follow a modeling approach that takes into account pressure oscillations 
at discharge. 

The results highlight that the developed two-phase expansion model 
can replicate with sufficient accuracy the simulations performed with a 

Fig. 3. Mass flow ṁWF [kg/s] through the expander versus xin for different values of Nrot and pin = 7.5 bar.  

Fig. 4. Shaft power ẇsh [W] versus xin for different values of Nrot and pin = 7.5 bar.  
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robust commercial software suite (GT-SUITE) that is utilized in a wide 
variety of applications and industries. The modeling approach (details in 
Appendix A) allows for the simulation of flashing without resorting to 
equations of state for the two-phase mixture, the validity of which may 
be doubtful in non-equilibrium thermodynamics. Indeed, until now 
there are no equations of state valid for a substance in a metastable state 
[27]. This is because the spinoidal curve of the curve, i.e the thermo
dynamic limit beyond which minor fluctuations lead to the formation of 
a new phase, would have to be available. The determination of the 
spinoidal curve is a challenging task, and it can only be extracted 
experimentally for a given substance [26]. 

Concluding, the applied methodology allows for the simulation of 
the complex physical phenomenon with a high level of detail, by 
introducing a limited number of unknown parameters with physical 
significance. Moreover, the modularity of the algorithm allows for the 
incorporation of all physical processes that are relevant to the operation 
of the twin-screw expander. 

4.2. Two-phase expander performance 

The performance of the modeled two-phase expander (details about 
the expander characteristics in Section 4.1) is mapped by conducting a 

Fig. 5. Contours of ṁWF [kg/s] as a function of Nrot and pin for different values of xin.  

Fig. 6. ηvol [-] as a function of pin and Nrot for different values of xin.  
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series of simulations with varying boundary conditions and R245fa as 
the WF. Specifically, pin, Nrot , and xin vary between 5 and 10 bars, 2000 
and 5000 rpm, and 0 and 1, respectively. On the other hand, pdis is kept 
constant at 1.32 bars, as in the numerical experiments performed by 
Bianchi et al. [22]. 

Contours of ṁWF at the pin - Nrot plane for different values of xin are 

presented in Fig. 5. At a given rotational speed of the expander and 
quality of the two-phase mixture at the suction port, increasing pin leads 
always to an increase in ṁWF. This is attributed to the increase in the 
displaced mass flowrate ṁex, because of the WF’s specific volume 
reduction (see Eq. (A17) in Appendix A). This mass flow rate increment 
is more significant, in terms of percentage growth, as xin at the suction 

Fig. 7. Contours of ẇsh [W] as a function of Nrot and pin for different values of xin.  

Fig. 8. ηex,is [-] as a function of xin and Nrot for different values of pin.  
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port increases, because for higher vapor quantities the decrease in the 
WF’s specific volume when pressure increases is steeper. 

The filling process of the expander is influenced by Nrot and xin. 
Increasing Nrot and reducing xin leads to increased pressure losses at the 
suction port that reduce the displaced mass flowrate ṁex. Indeed, and 
from results (not presented graphically herein) derived from indicative 
numerical experiments, when pin is equal to 7.5 bar and xin is reduced 
from 0.5 to 0.1 at 5000 rpm, the pressure losses at suction increase from 
0.5 to 0.8 bar. Also, for pin equal to 10 bar, xin equal to 0.125, and Nrot 
equal to 2500 rpm, psu obtains the value 9.2 bar, whereas if the rota
tional speed is increased to 4000 rpm, it becomes equal to 8.5 bar. 

In Fig. 6, ηvol is plotted versus pin and Nrot for xin equal to 0 and 0.4 
(note that the evolution of ηvol for higher vapor qualities is similar to the 
one presented for xin = 0.4). It is observed that for higher values of xin 
the expander’s filling process is close to optimal, with practically no 
dependence of ηvol on pin. On the other hand, ηvol varies slightly as a 
function of Nrot . On the contrary, when vapor quality is low the drop in 
the volumetric efficiency is significantly higher because the density of 
the two-phase mixture, which is proportional to the pressure losses of 

the incompressible WF, is substantially increased. 
Concerning the generated power from the expander, contours of ẇsh 

at the pin - Nrot plane for different values of xin are plotted in Fig. 7. 
Increasing pin and reducing xin for a given rotational speed leads to an 
increase in ẇsh because the mass flow rate ṁWF through the expander is 
increased. However, the performance of the two-phase expander must 
be assessed based on its isentropic efficiency ηex,is for different operating 
conditions, and not only on the generated power. In Fig. 8 ηex,is is plotted 
as a function of xin and Nrot for different pressure values pin at the suction 
port of the expander. Increasing xin improves the performance of the 
expander because a better match between. 

rv and the WF’s volume ratio in the expansion chamber can be ach
ieved, combined with higher volumetric efficiency. For lower vapor 
qualities at the suction port, the expansion process leads to a sharp in
crease in the WF’s volume ratio that cannot be accommodated smoothly 
by the expander. In any case, ηex,is is maximized when the expander’s 
operating conditions minimize over or under-expansion losses, a trend 
typically observed in ORC expanders as well. Concluding, xin appears to 
be the most dominant parameter affecting the performance of the two- 
phase expander. Increasing xin improves both the filling process and 
the isentropic efficiency of the expander. 

It must be noted that the presented two-phase expansion simulations 
do not consider friction and heat losses (because of the absence of 
relevant data for comparison) that could potentially deteriorate signif
icantly the performance of the expander. However, the results presented 
in this Section indicate how the two-phase expansion model can be 
utilized by the industry or research community. Following model cali
bration, simulations may be performed within the range of anticipated 
operating conditions and the efficiency of the expander can be readily 
determined. Assuming that the performance of the two-phase expander 
is not satisfactory at the design point, the model can be utilized to 
optimize its operation. This can be achieved by investigating the influ
ence of the model parameters on ηex,is and ηvol, based on a sensitivity 
analysis, in which their values are modified within an acceptable range. 

Table 4 
Parameters for TFC performance simulations.  

Parameter Description [Units] Value 

WF Working Fluid [-] R245fa 
HTF Heat Transfer Fluid [-] H2O 
CF Cooling Fluid [-] H2O 
ΔTCF Temperature rise of the CF [oC] 10 
ΔTsub WF sub-cooling at condenser [oC] 5 
pdis Condensation pressure of WF [bar] 1.32 
PPev Pinch point at evaporator [oC] 5 
PPcon Pinch point at condenser [oC] 5 
THTF,in HTF inlet temperature [oC] 90 ÷ 110 
Q̇ev Heat duty at the evaporator [kWth] 250 ÷ 500 
ṁHTF Mass flow rate of the HTF [kg/s] 3 
ηpu,is Pump isentropic efficiency [%] 70 [29]  

Fig. 9. ηII [-] as a function of xin and Q̇ev. a) THTF,in = 90oC, b) THTF,in = 100oC, c).THTF,in = 110oC  
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Thus, geometric characteristics of the expander (such as Vswept and rv) or 
the insulation of the expander may be improved based on the operating 
conditions. Furthermore, the performance of a TFC engine integrating 
the modeled expander can be mapped over a wide range of operating 
points to assist in the assessment of its potential for practical applica
tions (such a preliminary investigation is presented in Section 4.3). 

It must be also pointed out that the two-phase expansion model can 
be utilized for different WFs (such as state-of-the-art Hydrofluoroolefins) 
and twin-screw expanders, provided that relevant numerical or experi
mental data are available for re-calibration. However, for WFs with 
physical properties similar to the ones of R245fa, based on which the 
model has been calibrated, preliminary two-phase expansion simula
tions may be undertaken for expander performance evaluation purposes. 
An alternative method would be to adjust the WF-related parameters for 
another fluid and proceed to the expansion modeling, but with reduced 
accuracy in the obtained results [28]. Finally, the modularity of the 
algorithm allows for its implementation in different types of volumetric 
expanders with minor modifications. 

4.3. TFC performance 

The performance of a TFC engine integrating the modeled two-phase 
expander for different heat duties Q̇ev at the evaporator, and tempera
tures THTF,in of the heat source is investigated by conducting an indica
tive series of simulations. The parameters used for the TFC simulations, 
along with their description and units are listed in Table 4. 

For given values of THTF,in and Q̇ev, the vapor quality xin at the suction 

port of the two-phase expander is varied from the saturated liquid to the 
saturated vapor state, by lowering the pressure pev at the evaporator, 
while keeping constant the value of PPev. In Fig. 9 ηII is plotted versus xin 

for different values of THTF,in and Q̇ev. It can readily be deduced that the 
energy exploitation efficiency of the TFC engine attains its minimum 
when xin is equal to 0. This is linked to the rather low isentropic effi
ciency of the two-phase expander in this region. Therefore, the theo
retical optimal match between the heat source and the WF of the original 
trilateral cycle cannot be achieved by the specific expander for the 
examined boundary conditions. This condition could be achieved by 
regulating the operating pressure ratio of the TFC to fit the WF volume 
ratio to rv. 

For Q̇ev equal to 250 kWth, ηII increases monotonically within the 
two-phase region, indicating that the ORC configuration may be the 
optimal one. The maximum calculated values of ηth are equal to 9.33 %, 
10.81 %, and 12.35 % for THTF,in equal to 90, 100, and 110 ◦C, respec
tively. On the other hand, for Q̇ev equal to 500 kWth the optimal value of 
ηII is obtained within the two-phase region (xin approximately equal to 
0.28, 0.31, and 0.60 for THTF,in equal to 90, 100, and 110 ◦C, respec
tively). Concerning ηth, the TFC simulations indicated that the maximum 
attainable values when Q̇ev is equal to 500 kWth are 8.68 %, 8.69 %, and 
10.13 % for THTF,in equal to 90, 100, and 110 ◦C, respectively. 

The difference in trends of ηII for different values of Q̇ev is explained 
as follows. For a given value of xin, increasing the heat duty Q̇ev leads to 
lower values of pev, because of the increased mass flow rate ṁWF of the 
WF. For the induced pressure ratios when Q̇ev is equal to 500 kWth, an 
optimal match between the WF’s volume ratio and rv can be achieved 
within the two-phase region, leading to the maximization of ηex,is, and, 
therefore, of ηII. On the contrary, the optimal pressure ratio for the two- 
phase mixture cannot be achieved when Q̇ev is equal to 250 kWth. 

Concluding, the presented numerical results indicate how the 
developed two-phase expansion model can assist in evaluating the per
formance of a TFC engine and ameliorating its efficiency. Based on the 
heat duty at the evaporator and the condensation pressure, TFC power 
cycle simulations will pinpoint the value of xin that leads to the optimal 
utilization of the heat source, a condition that will be accomplished 
when the expander’s isentropic efficiency is maximized. 

5. Conclusions 

In this work, a novel thermodynamic low-order model for the 
simulation of two-phase expansion in a twin-screw expander was pre
sented. The model applies a robust empirical methodology that is vali
dated by calibrating it against available numerical data from the 
literature. The methodology may also be applied to other types of two- 
phase volumetric expanders with minor modifications, because of the 
generality of the approach. In the paper, detailed results from two-phase 
expansion simulations are presented to assist in comprehending the 
operation of the two-phase expander and to identify the factors affecting 

Table A1 
Identified generalized model parameters.  

Parameter Symbol 
[Units] 

Nozzle throat cross-sectional area at suction Ain[m2] 
Nozzle throat cross-sectional area for liquid leakage flows at 

suction 
Al,su[m2] 

Nozzle throat cross-sectional area for vapor leakage flows at 
suction 

Av,su[m2] 

Total swept volume Vswept[m3] 
Nominal thermal conductance between liquid and expander wall 

at suction 
UAl,su,n[W/K] 

Nominal WF mass flowrate ṁn[kg/s] 
Expander built-in volume ratio rv[-] 
Nozzle throat cross-sectional area for liquid leakage flows during 

expansion 
Al,leak[m2] 

Nozzle throat cross-sectional area for vapor leakage flows during 
expansion 

Av,leak[m2] 

Nominal thermal conductance between liquid and expander wall 
at discharge 

UAl,dis,n[W/K] 

Nominal thermal conductance between vapor and expander wall 
at discharge 

UAv,dis,n[W/K] 

Mechanical loss torque τloss[N-m] 
Thermal conductance between expander wall and the ambient UAamb[W/K]  

Fig. 10. Two-phase expansion model flowchart.  

A. Skiadopoulos et al.                                                                                                                                                                                                                          



Thermal Science and Engineering Progress 46 (2023) 102171

12

its efficiency. Thereafter, the potential of the TFC for low-grade heat 
recovery is preliminarily assessed by investigating the influence of the 
expander’s efficiency on its performance. 

The main outcome of the two-phase expansion simulations is that the 
crucial factor affecting the efficiency of the expander is the quality of the 
WF at the suction port. Increasing xin, improves substantially ηex,is, with 
a steep increase observed in the region around the saturated liquid state. 
Values as low as 0.40 for ηex,is are calculated for xin equal to 0, whereas 
an increase of its value to up to 0.85 is observed in the two-phase region. 
For the operating pressure ratios of the two-phase expander studied in 
this work, the simulations indicate that for xin higher than approxi
mately 0.4, the value of ηex,is reaches a practically constant and 
maximum value. Therefore, for higher amounts of vapor at the onset of 
expansion, a close to optimal match between the WF’s volume ratio and 
rv can be achieved. A similar trend is observed for ηvol, with significant 
amelioration of its value as xin increases. Specifically, when the WF is in 
the saturated liquid state at the suction port of the expander, ηvol obtains 
values in the range of 0.30–0.55. On the other hand, within the two- 
phase region values as high as 0.90–0.95 are calculated. This is attrib
uted to the reduced pressure losses of the WF at the suction port as its 
density decreases. Hence, the two-phase expansion simulations indicate 
that the potential of the ideal trilateral cycle can be realized by expan
sion machines with very high rv, that can accommodate both the 
increased WF flowrates and specific volume increase during expansion. 

Since the two-phase expansion simulations indicated that the effi
ciency of two-phase expansion varies significantly as a function of xin, 
particular attention should be paid if the two-phase expander will 
operate across the two-phase region. To highlight this behavior and 
identify additional efficiency-affecting factors, the performance of a TFC 
engine integrating the modeled expander was studied for different heat 
duties at the evaporator and temperatures of the heat source. The results 
revealed that for a heat transfer rate of 250 kWth, ηth and ηII increase 
monotonically within the two-phase region with maximum values 
reaching 12.35 % and 18 %, respectively. On the other hand, for Q̇ev 
equal to 500 kWth the maximum efficiency values are obtained within 
the two-phase region (xin ranging from 0.28 to 0.61, based on the tem
perature of the heat source), with maximum ηth and ηII equal to 10.13 % 
and 33 %, respectively. Thus, as the heat duty at the evaporator in
creases, the mass flow rate of the WF increases for a given operating 
pressure ratio and the optimal operating point of the expander may be 
within the two-phase region. In this case, the TFC could be a competitive 

alternative to the ORC for low-grade heat recovery. 
The developed model will be refined further, and its robustness will 

be enhanced, by exploiting experimental two-phase expansion data or 
numerical data from more sophisticated numerical models for its cali
bration, provided that they become available, and incorporating into the 
simulations thermal and mechanical losses. Besides investigating the 
efficiency of a two-phase expander, the presented numerical tool may 
also be applied to modify the design of a given expander (or optimally 
design one) by conducting a sensitivity analysis that will identify the 
optimal values of the model parameters for given operating conditions. 
Additionally, as presented in this paper, the model can be integrated into 
power cycle simulations and assist in the techno-economic analysis of a 
TFC engine for industrial applications. 
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Appendix A. Two-phase expansion modeling 

A1. Governing equations 

1). Suction 
Adiabatic pressure drop 
The adiabatic pressure drop is modeled as a fast and isentropic flow of an incompressible fluid through a converging nozzle with a throat cross- 

sectional area equal to Ain. The pressure psu at the end of the process is calculated by application of the Bernoulli equation, as in Eq. (A1) 

psu = pin −
vin

2

(
ṁWF

Ain

)2

(A1) 

where vin is the specific volume of the WF, and ṁWF is the total mass flow rate entering the expander. The energy conservation equation for the 
process is expressed by Eq. (A2) 

ṁWFhin = ṁWFhsu (A2) 

In Eq. (A2) hin and hsu are the specific enthalpies of the mixture at the suction port, and the end of the process, respectively. Because of the pressure 
drop, the liquid is superheated by ΔTl,su, which is calculated by Eq. (A3) 

hl,su = hl,sat,su + cpl,su ΔTl,su (A3) 

where hl,su and hl,sat,su are the specific enthalpies of the superheated and saturated liquid at psu, respectively, and cpl,su is the specific heat of the liquid 
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at psu. By applying Eq. (A3) to calculate the specific enthalpy of a superheated liquid, no equations of state for the metastable liquid phase are 
necessary. 

Vaporization at suction 
The liquid superheat ΔTl,su is assumed to drive the vaporization process leading to the pre-expansion of the WF at the suction port. Based on the 

Interfacial Exchange Model approach, the amount of vapor to be generated is given by Eq. (A4) 

δṁv,su =
UAsuΔTl,su

hlv(psu)
(A4) 

where UAsu and hlv(psu) are the interfacial thermal conductance and the specific enthalpy of vaporization at psu, respectively. 
Leakages at suction 
Liquid leakage flow is assumed as isentropic and incompressible through a convergent nozzle of cross-sectional area equal to Al,su. Therefore, the 

liquid leakage flow rate ṁl,leak,su is given by appropriately formulating the Bernoulli equation, as in Eq. (A5) 

ṁl,leak,su = Al,su

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2
psu − pdis

vl,su

√

(A5) 

where vl.su is the specific volume of the saturated liquid at psu. 
On the other hand, the leakage flow rate ṁv,leak,su of vapor is modeled as an isentropic flow through a convergent nozzle with a throat cross- 

sectional area equal to Av,su. Thus, ṁv,leak,su is given by Eq. (A6) 

ṁv,leak,su =
Av,su

vv,thr,su

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2
(
hv,su − hv,thr,su

)√

(A6) 

In Eq. (A6) vv,thr,su and hv,thr,su are the specific volume and enthalpy at the nozzle throat, respectively, whereas hv,su is the specific enthalpy of 
saturated vapor at psu. The values of vv,thr,su and hv,thr,su are a function of the pressure pthr,su at the nozzle throat, which is given by Eq. (A7) 

pthr,su = max
(
pdis, pcrit,su

)
(A7) 

with pcrit,su standing for the critical pressure at the nozzle throat, calculated by Eq. (A8), considering saturated vapor as a perfect gas with a specific 
heat ratio γ 

pcrit,su = psu

(
2

γ + 1

)

(
γ

γ− 1

)

(A8) 

Liquid isobaric cooling down 
The heat transfer rate Q̇l,su from liquid towards the wall of the expander is given by the expression in Eq. (A9) 

Q̇l,su = UAl,su
(
Tl,su − Tw

)
(A9) 

where Tl,su is its temperature after phase change has completed, and Tw is the uniform temperature of a fictitious metal envelope that represents the 
total metal mass of the expander case and rotating lobes. Moreover, UAl,su is the thermal conductance between the liquid and the expander wall at the 
suction port. Similar to the approach of Lemort et al. [23] UAl,su is given by Eq. (A10) 

UAl,su = UAl,su,no

⎛

⎝
ṁWF

ṁno

⎞

⎠

0.8

(A10) 

where UAl,su,no is the liquid nominal thermal conductance corresponding to the WF nominal mass flow rate ṁno. This nominal mass flow rate ṁn is 
only introduced as a reference for the definition of UAl,su,n. 

Energy balance at suction 
The overall energy balance at the suction port is given by the expression in Eq. (11) 

ṁWFhin = ṁl,exhl,ex + ṁv,exhv,su + ṁl,leak,suhl,su + ṁv,leak,suhv,su + Q̇l,su (A11) 

where ṁl,ex and ṁv,ex are the total liquid and vapor, respectively, mass flow rates flowing into the expansion chamber. Moreover, hl,ex is the specific 
enthalpy of the liquid after the filling process has completed. Depending on the vaporization and heat transfer rates at suction, the liquid may be 
superheated at the end of the filling process, and hl,ex will not be necessarily equal to hl,sat,su. 

Displaced mass flow rate 
The mass conservation for the entire filling process is given by Eq. (A12) 

ṁWF = ṁex + ṁleak,su (A12) 

with the total mass flow rate ṁex displaced by the expander given by Eq. (A13) 

ṁex = ṁl,ex + ṁv,ex (A13) 

and ṁleak,su the total leakages flow rate at suction, equal to the sum of vapor and liquid leakage flow rates, as in Eq. (A14) 

ṁleak,su = ṁl,leak,su + ṁv,leak,su (A14) 

Considering the two phases separately, their mass conservation during the suction process for the liquid and vapor is given by Eqs. (A15) and 
(A16), respectively 

ṁl,ex = ṁl,WF − δṁv,su − ṁl,leak,su (A15) 
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ṁv,ex = ṁv,WF + δṁv,su − ṁv,leak,su (A16) 

The displaced mass flow rate ṁex is also given by Eq. (A17) 

ṁex =
NrotVswept

vsu
(A17) 

where Nrot , Vswept , and vsu represent the rotational speed of the expander, the total swept volume, and the specific volume of the two-phase mixture 
at the end of suction, respectively. 

2). Expansion 
Adiabatic expansion to pad imposed by rv 
A segmental approach is followed, and the expansion chamber volume is divided into N segments that correspond to different rotational angles of 

the male rotor. The discretization of the expansion chamber into N sub-chambers creates N+1 control points, with the first and last corresponding to 
the end of suction and the end of the adiabatic expansion process, respectively. Sub-chamber i is delimited by control points i and i + 1. To calculate 
the values of expansion chamber volume Vi at the control points i (1 ÷ N + 1), the expander’s built-in volume ratio rv is utilized. rv is given by Eq. 
(A18) 

rv =
Vad

Vswept
(A18) 

where Vad is the expansion chamber volume at the end of the adiabatic expansion. As a result of the expansion chamber volume discretization, the 
value of Vi at the control point i (1 ÷ N + 1) is given by Eq. (A19). 

Vi = Vswept +
(i − 1)

N
Vswept(rv − 1) (A19) 

The sub-chamber i defines a computational control volume, which is considered for the application of the governing equations for both phases. It is 
assumed that in each sub-chamber the following phenomena take place consecutively.  

• Vaporization takes place at control point i, as a result of the locally available liquid superheat  
• A fraction of vapor and liquid mass escapes the expansion chamber through leakage paths  
• The remaining vapor in the chamber expands, whereas the liquid undergoes an adiabatic pressure drop 

At the control point i the pressure of the vapor–liquid mixture is pi (corresponding to psu when i is equal to 1). The vapor temperature Tv,i is equal to 
the saturation temperature Tsat,i at pi, whereas the liquid temperature Tl,i is, in the general case, different from Tsat,i. Therefore, the liquid superheat 
ΔTl,i is given by Eq. (A20) 

ΔTl,i = Tl,i − Tv,i (A20) 

Applying the Interfacial Exchange Model approach, the mass of vapor δṁv,i to be generated is calculated by Eq. (A21) 

δṁv,i =
UAint,iΔTl,i

hlv(pi)
(A21) 

where UAint,i and hlv(pi) are the interfacial thermal conductance and the specific enthalpy of vaporization at control point i, respectively. The total 
vapor mass flow rate ṁv,pc,i increases, and it is now given by Eq. (A22) 

ṁv,pc,i = ṁv,i + δṁv,i (A22) 

whereas the total liquid mass flow rate ṁl,pc,i decreases by the same quantity δṁv,i, and it is calculated by Eq. (A23) 

ṁl,pc,i = ṁl,i − δṁv,i (A23) 

In Eqs. (A22) and (A23) ṁv,i and ṁl,i are the mass flow rates of the vapor and liquid phases, respectively, at control point i before vaporization. The 
energy balance equation during vaporization is expressed by Eq. (A24) 

ṁl,ihl,i = ṁl,pc,ihl,pc,i + δṁv,ihv,i (A24) 

where hl,i, hl,pc,i, and hv,i are the specific enthalpies of the liquid before vaporization, of the liquid after vaporization, and of the saturated vapor at pi, 
respectively. 

Vapor leakage flow is considered an isentropic flow through a convergent nozzle with a throat cross-sectional area equal to Av,leak. Hence, the vapor 
leakage mass flow rate ṁv,leak,i through the nozzle is given by Eq. (A25) 

ṁv,leak,i =
Av,leak

vv,thr,i

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2
(
hv,i − hv,thr,i

)√

(A25) 

where vv,thr,i and hv,thr,i are the specific volume and enthalpy at the nozzle throat, respectively, and they are calculated based on the pressure pthr,i at 
the nozzle throat, which is given by Eq. (A26) 

pthr,i = max
(
pdis, pcrit,i

)
(A26) 

Similar to the approach followed at the suction port, pcrit,i is calculated considering saturated vapor at control point i as an ideal gas. 
The liquid leakage flow rate ṁl,leak,i is calculated by considering the isentropic flow of an incompressible fluid through a convergent nozzle of cross- 

sectional area Al,leak, as in Eq. (A27) 
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ṁl,leak,i = Al,leak

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2
pi − pdis

vl,i

√

(A27) 

with vl,i the saturated liquid specific volume at pi. 
The vapor mass flow rate ṁv,exp,i to be expanded is now calculated by Eq. (A28) 

ṁv,exp,i = ṁv,pc,i − ṁv,leak,i (A28) 

Assuming that only vapor expansion causes the increase in the expansion chamber volume, the specific volume of vv,i+1 of vapor at the control point 
i+1 is calculated by applying Eq. (A29) 

ṁv,exp,i
(
vv,i+1 − vv,i

)
= Nrot(Vi+1 − Vi) (A29) 

where vv,i is the specific volume of vapor at control point i. Having calculated vv,i+1 by applying Eq. (A29), the value of pi+1 is readily determined by 
Eq. (A30) 

pi+1 = p
(
WF, v = vv,i+1, x = 1

)
(A30) 

Thereafter, the energy balance for the expanding vapor, expressed by Eq. (A31), leads to the calculation of the expansion work ẇi at sub-chamber i 

ṁv,exp,ihv,i = ṁv,exp,ihv,i+1 + ẇi (A31) 

In Eq. (A31) hv,i+1 denotes the specific enthalpy of the saturated vapor at pi+1. 
On the other hand, the liquid mass flow rate ṁl,exp,i that remains in the expansion chamber is calculated by Eq. (A32) 

ṁl,exp,i = ṁl,pc,i − ṁl,leak,i (A32) 

and its energy balance is given by Eq. (A33) 

ṁl,exp,ihl,pc,i = ṁl,exp,ihl,i+1 (A33) 

By applying Eq. (A33), the specific enthalpy hl,i+1 of the liquid at control point i+1 may be readily calculated. 
The total power ẇexp generated by vapor during the process is calculated by Eq. (A34) 

ẇexp =
∑N

i=1
ẇi (A34) 

Isochoric expansion to pdis 

The possible mismatch between pad, which corresponds to the calculated pressure at the last control point N+1 of the discretized expansion 
chamber, and pdis is modeled as an adiabatic expansion under constant machine volume for the vapor phase, and an adiabatic pressure drop for the 
liquid. The power ẇv,dis produced by vapor is calculated by Eq. (A35) 

ẇv,dis = ṁv,advv,ad(pad − pdis) (A35) 

with ṁv,ad, and vv,ad representing the mass flow rate, and the specific volume of vapor at the end of the adiabatic expansion, respectively. The energy 
balance for the vapor is given by Eq. (A36) 

ṁv,ad
(
hv,ad − hv,dis,in

)
= ẇv,dis (A36) 

In Eq. (A36) hv,ad and hv,dis,in are the specific enthalpies of vapor at the onset and completion of the process, respectively. 
On the other hand, the energy balance for the liquid phase is expressed by Eq. (A37) 

ṁl,adhl,ad = ṁl,adhl,dis,in (A37) 

where ṁl,ad and hl,ad are the liquid mass flow rate and specific enthalpy at the end of the adiabatic expansion process, respectively. Moreover, hl,dis,in 

is the specific enthalpy of the liquid when the isochoric expansion has completed. 

3). Discharge 
Adiabatic mixing between leakage flows and expansion chamber outlet 
At the beginning of the discharge process, vapor flowing out of the expansion chamber is adiabatically mixed with vapor leakages from the suction 

port, and the two-phase mixture flowing out of the expansion chamber. The same process takes place for the liquid phase as well. Therefore, the energy 
balance equation for vapor is formulated as in Eq. (A38) 

ṁv,outhv,dis,out = ṁv,adhv,dis,in +
∑N

i=1
ṁv,leak,ihv,i + ṁv,leak,suhv,su (A38) 

where ṁv,out and hv,dis,out are the resulting total vapor mass flow rate and specific enthalpy, respectively. 
Likewise, for the liquid in Eq. (A39) 

ṁl,outhl,dis,out = ṁl,adhl,dis +
∑N

i=1
ṁl,leak,ihl,i + ṁl,leak,suhl,su (A39) 

Isobaric heat transfer to the expander wall 
The heat transfer rate Q̇v,dis from vapor at the discharge port is given by Eq. (A40) 

Q̇v,dis = UAv,dis
(
Tv,dis − Tw

)
(A40) 

where Tv,dis and UAv,dis are the vapor temperature, and the thermal conductance between vapor and the expander wall, respectively. The energy 
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balance equation for the vapor phase is expressed by Eq. (A41) 

ṁv,outhv,out = ṁv,dishv,dis,out + Q̇v,dis (A41) 

On the other hand, the liquid heat transfer rate Q̇l,dis towards the expander wall is given by Eq. (A42). 

Q̇l,dis = UAl,dis
(
Tl,dis − Tw

)
(A42) 

In Eq. (A42) UAl,dis stands for the thermal conductance between the liquid phase and the expander wall at the discharge port, whereas Tl,dis is the 
liquid temperature when the process begins. The energy balance for the liquid is given by Eq. (A43) 

ṁl,outhl,out = ṁl,dishl,dis,out + Q̇l,dis (A43) 

Similar to the approach at the suction port [23], UAv,dis and UAl,dis are given by Eqs. (A44) and (A45), respectively, 

UAv,dis = UAv,dis,no

⎛

⎝
ṁWF

ṁno

⎞

⎠

0.8

(A44)  

UAl,dis = UAl,dis,no

⎛

⎝
ṁWF

ṁno

⎞

⎠

0.8

(A45) 

with UAv,dis,no and UAl,dis,no representing the nominal thermal conductance between the liquid and vapor, respectively, and the expander wall. 

4). Mechanical losses 
All losses throughout the two-phase expansion process, incorporating friction and bearing losses, are grouped in τloss that represents an integrated 

mechanical loss torque [23]. Therefore, mechanical losses ẇloss are given by Eq. (A46) 

ẇloss = 2πNrotτloss (A46)  

5). Energy and heat balance over the expander 
The overall energy balance over the two-phase expander, from the suction port to discharge, is given by Eq. (A47) 

ṁWFhin = ṁv,outhv,out + ṁl,outhl,out + Q̇l,su + Q̇l,dis + Q̇v,dis + ẇloss + ẇsh (A47) 

where ẇsh is the total shaft power, given by Eq. (A48). 

ẇsh = ẇexp + ẇv,dis (A48) 

By introducing the overall thermal conductance UAamb between the expander wall and the ambient, the total heat transfer rate towards the ambient 
is given by Eq. (A49) 

Q̇amb = UAamb(Tw − Tamb) (A49) 

with Tamb representing the ambient temperature. Q̇amb is assumed to engulf all heat and mechanical friction losses during the expander’s operation, 
as in Eq. (A50) 

Q̇amb = Q̇l,su + Q̇l,dis + Q̇v,dis + ẇloss (A50) 

By applying Eq. (A49) the temperature Tw of the metallic envelope is computed [23]. 

A2. Pinpointing of model parameters 

The observation of the governing equations for the two-phase expansion model, presented in SectionA1, leads to the identification of the unknown 
parameters. This set of parameters can be reduced based on the availability of information concerning the geometrical data of the expander (e.g. built- 
in volume ratio, swept volume, variation of leakage path areas as a function of the rotation angle of the male rotor), the insulation of the expander’s 
case, or the efficiency of the interfacial heat transfer. 

In the present work, aiming to reduce the complexity of the optimization problems, the interfacial thermal conductance values, at suction and 
expansion as well, are indirectly calculated according to the empirical formula of Miyatake et al. [21], expressed by Eq. (A51), which correlates the 
flashing efficiency ηf in pure substances with the locally available liquid superheat ΔT 

ηf =

{
1 − [1 + 2.5(ΔT − 1) ]− 1

,ΔT > 1
0,ΔT < 1

(A51) 

Flashing efficiency measures the actual vaporization rate relative to the one that would result in thermal equilibrium between the two phases. The 
calculation of the interfacial thermal conductance parameters by utilizing the concept of flashing efficiency is based on preliminary optimization 
simulations (see Section 4.1 for details about the optimization process) which indicated that their optimized values fit very well with the ones 
calculated by the empirical formula of Eq. (A51). However, this approach may not be adequate in different two-phase expansion problems, in which 
case the interfacial thermal conductance parameters must be included in the optimization process. This part will be continuously researched by the 
authors to verify its limitations. The symbols, physical descriptions, and units in SI of the remaining generalized model parameters are listed in 
Table A1. 
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A3. Model flowchart 

A simplified flowchart of the two-phase expansion model is presented in Fig. 10. In the flowchart the sequence of the performed calculations in a 
simulation, along with the key calculated variables, are presented. The boundary conditions for a simulation are the values of xin, pin, pdis, Nrot, and 
Tamb. Moreover, in a simulation, the values of the model parameters are known, either as guess values during the optimization procedure (details in 
Section 4.1) for their calculation or because they have already been determined. 
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